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n-ARY FUZZY LOGIC AND 
NEUTROSOPHIC LOGIC OPERATORS 



We extend Knuth’s 16 Boolean binary logic operators to fuzzy logic and neutro- 
sophic logic binary operators. Then we generalize them to n-ary fuzzy logic and 
neutrosophic logic operators using the smarandache codification of the Venn 
diagram and a defined vector neutrosophic law. In such way, new operators in 
neutrosophic logic/set /probability are built. 
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Introduction 

For the beginning let’s consider the Venn Diagram of two variables 
x and y, for each possible operator, as in Knuth’s table, but we adjust this 
table to the Fuzzy Logic (FL). 

Let’s denote the fuzzy logic values of these variables as 

FL(x) = (ti,/i) 

where 

t\ = truth value of variable x, 
fi = falsehood value of variable x, 
with 0 < ti, /i < 1 and t\ + j\ = 1; 
and similarly for y : 

F L(y) = (t 2 , / 2 ) 

with the same 0 < t 2 , fi < 1 and £2 + fi — 1- 

We can define all 16 Fuzzy Logical Operators with respect to two FL 
operators: FL conjunction ( FLC ) and FL negation ( FLN ). 

Since in FL the falsehood value is equal to 1-truth value, we can deal 
with only one component: the truth value. 
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The Venn Diagram for two sets X and Y 




has 2 2 = 4 disjoint parts: 

0 = the part that does not belong to any set (the complement or nega- 

tion) 

1 = the part that belongs to 1 st set only; 

2 = the part that belongs to 2 nd set only; 

12 = the part that belongs to 1 st and 2 nd set only; 

{called Smarandache’s codification [1]}. 

Shading none, one, two, three, or four parts in all possible combinations 
will make 2 4 = 2 2 = 16 possible binary operators. 

We can start using a T — norm and the negation operator. 

Let’s take the binary conjunction or intersection (which is a T — norm ) 
denoted as c F (x,y): 



c F : ([0,1] x [0, l]) 2 - [0,1] x [0,1] 
and unary negation operator denoted as n F {x ), with: 
n F : [0, 1] x [0, 1] - [0, 1] x [0, 1] 
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The fuzzy logic value of each part is: 

P 12 = part 12 = intersection of x and y. so FL(P 12) = c F (x,y). 

PI = parti = intersection of x and negation of y, FL(P 1) = c F (x,n F (y)). 
P 2 = part2 = intersection of negation of x and y\ FL(P 2) = c F (n F (x),y). 

P 0 = partO = intersection of negation of x and the negation of y; 
FL(PO) = c F (n F (x),n F (y)). 

and for normalization we set the condition: 

c F (x,y) + c F ((n F (x),y) + c F (x,n F (y)) + c F (n F (x), n F (y)) = (1,0). 

Then consider a binary T — conorm, (disjunction or union), denoted by 
d F (x,y): 

d F : ([0,1] x [0, l]) 2 - [0,1] x [0,1] 

d F (x, y) = (fi + t 2 , fi + h ~ 1) 

if x and y are disjoint and t\ + 1 2 < 1. 

This fuzzy disjunction operator of disjoint variables allows us to add 
the fuzzy truth-values of disjoint parts of a shaded area in the below table. 
When the truth-value increases, the false value decreases. More general, 
dp(x i,x 2 , ■ ■ ■ ,Xk), as a k- ary disjunction (or union), for K > 2, is defi- 
ned as: 

d F : ( [0, 1] x [0, l]) fc — > [0, 1] x [0, 1] 
dp(x i, x 2 , • • • , Xk) = (t\ + t 2 + • • • + tk, fi + f 2 + • • • + fk — k — 1) 

if all Xi are disjoint two by two and t\ + 1 2 + . . . + tk < 1. 

As a particular case let’s take as a binary fuzzy conjunction: 

c F (x,y ) = (tit 2 ,fi + h ~ / 1 / 2 ) 

and as unary fuzzy negation: 

n F [x) = (1 - t u l - fi) = 



where 

FL(x) = (ii, / 1 ), with ti + J\ = 1, and 0 < t lt fi < 1; 
FL(y) = (t 2 , f 2 ), with t 2 + f 2 = 1, and 0 < t 2 , f 2 < 1; 
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whence: 

FL(P12) = (t 1 t 2 ,f 1 + f 2 -fif 2 ) 

FL(P1) = (t 1 f 2 ,f 1 +t 2 - fit 2 ) 

FL(P2) = (/it 2 ,*i + /2-ti/ 2 ) 

FL(PO) = (fif 2 ,ti + t 2 — tit 2 ) 

The Venn Diagram for n = 2 and considering only the truth values, 
becomes: 




since 

D /2 = D(1 — t 2 ) = h — t\t 2 
f \ t‘2 = (1 — ti)t 2 =t 2 ~ t\t 2 
/ 1/2 = (1 — D)(l — t 2 ) = l — ti — t 2 + t\t 2 
We now use: 

dp(P12, Pi, P2, PO) = ((DD) + (D — t\t 2 ) + (t 2 — t\t 2 ) + (1 — D — 1 2 + tit 2 ), 

(/l + /2 — /l/ 2 ) + (/l+D — flt 2 ) + (ti+f2 — tlf 2 ) + (tl+t 2 — tit 2 )— 3) = (1,0). 

So, the whole fuzzy space is normalized under FL(-). 

For the neurosophic logic, we consider 

NL{x) = (Ti,/i,Fi), with 0 < T x J x ,F l < 1; 

NL{y) = {T 2 , 1 2 , F 2 ), with 0 < T 2 ,I 2 ,F 2 < 1; 

if the sum of components is 1 as in Atanassov’s intuitionist fuzzy logic, i.e. 
T,; + /, + Fj = 1, they are considered normalized ; otherwise non-normalized , 



130 



n-ary Fuzzy Logic and Neutrosophic Logic Operators 

i.e. the sum of the components is < 1 ( sub-normalized ) or > 1 ( over-norma- 
lized ) . 

We define a binary neutrosophic conjunction (intersection) operator, 
which is a particular case of an N — norm (neutrosophic norm, a generali- 
zation of the fuzzy t — norm): 

c N : ([0, 1] x [0, 1] x [0, l]) 2 - [0, 1] x [0, 1] x [0, 1] 



cn(x, y) — (7jT 2 , 1 1 I 2 + I\T 2 + 7j7 2 , F\ F 2 + F 1 I 2 + F 2 T 2 + F 2 T 2 + F 2 Ii). 

The neutrosophic conjunction (intersection) operator x An y component 
truth, indeterminacy, and falsehood values result from the multiplication 



(Ti + h + Fi) ■ (T 2 + L 2 + F 2 ) 



since we consider in a prudent way T -< 7 -< F, where means “weaker”, 
i.e. the products T^lj will go to 7, FFj will go to F, and 7 i 7 ? J - will go to F 
(or reciprocally we can say that F prevails in front of I and of T, 



(7j L FJ 

A 



(h L 




Fi) 



(T 2 I 2 F 2 ) (T 2 I 2 F 2 ) 



(T\ 7 , Fi) 




(T 2 I 2 F 2 ) 



So, the truth value is T 2 T 2 . the indeterminacy value is IiI 2 +IiT 2 +TiI 2 and 
the false value is F 2 F 2 + F\I 2 + F 2 T 2 + F 2 T 2 + F 2 I 2 . The norm of x An y is 
(! Ti+Ii+Fi)-{T 2 -\-L 2 -\-F 2 ). Thus, if x and y are normalized, then xA Ny is also 
normalized. Of course, the reader can redefine the neutrosophic conjunction 
operator, depending on application, in a different way, for example in a more 
optimistic way, i.e. 7 -< T -< F or T prevails with respect to 7, then we 
get: 

cI N F (x,y) = (TiT 2 + Ti7 2 + T 2 7i, 7i7 2 , F 2 F 2 + F 2 I 2 + F\T 2 + F 2 T 2 + F 2 I 1 ). 
Or, the reader can consider the order T -< F -< 7, etc. 
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Let’s also define the unary neutrosophic negation operator: 



n N : [ 0 , 1 ] x [ 0 , 1 ] x [ 0 , 1 ] -> [ 0 , 1 ] x [ 0 , 1 ] x [ 0 , 1 ] 



n N (T,I,F) = (F,I,T) 

by interchanging the truth T and falsehood F vector components. Then: 

NL(P 12 ) = (T1T2, I\I 2 + L1T2 + /2T1, F1F2 + F1I2 + F1T2 + F2T1 +F2I1) 

NL(P 1 ) = (T1F2, I\I 2 -\-I\F2 + /2T1, TjT 2 + F1I2 + F1F2 + T2T1 +T2/1) 

NL(P 2 ) = (TjT 2 , I\I 2 + AT2 + / 2 Tj, T1F2 +T1/2 + T1T2 + F2F1 + F2I1) 

NL(P 0 ) = (F1F2, 11I2 -\-I1F2 + I2F1, T1T2 + T1/2 +T1F2 +T2F1 +T2/1) 

Similarly as in our above fuzzy logic work, we now define a binary N — 
conorm (disjunction or union), i.e. neutrosophic conform. 



d N : ([ 0 , 1 ] x [ 0 , 1 ] x [ 0 , l ]) 2 - [ 0 , 1 ] x [ 0 , 1 ] x [ 0 , 1 ] 



d N (x,y) 



^T 1 +T 2 ,(/ 1 +/ 2 ) 



T-T.-T 2 t-T x -T 2 \ 

i 1 +i 2 +f 1 +f 2 ,{ ^ 2> i 1 +i 2 +f 1 +f 2 J 



if x and y are disjoint, and Tj + T2 < 1 where r is the neutrosophic norm 
of x Vjv y, i-e. 

t = (Ti + I\ + Fi) ■ (T 2 + I2 + F 2 ). 

We consider as neutrosophic norm of x, where NL(x) = T\ + I\ + F\, 
the sum of its components: T\ + 1 \ + F\, which in many cases is 1 , but can 
also be positive < 1 or > 1 . 

When the truth value increases (Tj + T 2 ) is the above definition, the 
indeterminacy and falsehood values decrease proportionally with respect to 
their sums Ii + I 2 and respectively Tj + T 2 . 

This neutrosophic disjunction operator of disjoint variables allows us to 
add neutrosophic truth values of disjoint parts of a shaded area in a Venn 
Diagram. 

Now, we complete Donald E. Knuth’s Table of the Sixteen Logical 
Operators on two variables with Fuzzy Logical operators on two variables 
with Fuzzy Logic truth values, and Neutrosophic Logic truth/indetermi- 
nacy/false values (for the case T ~< I ~< F). 
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Table 1 



Fuzzy Logic 
Truth Values 


Venn 

Diagram 


Notations 


Operator 

symbol 


Name(s) 


0 


GD 


0 


± 


Contradiction, falsehood; 
constant 0 


tlt2 


GD 


xy,xAy,x&zy 


A 


Conjunction; and 




CD 


xA y ^xj!)y \x~>y] ,x—y 


D 


Nonimplication; 
difference, but not 


tl 


O 


X 


L 


Left projection 


t2 —t\t2 


G> 


xAy,x(/Ly,[x<y] ,y—x 


C 


Converse nonimplication; 
not... but 


t-2 


• 


y 


R 


Right projection 


t\ ~\~t2 2ti^2 


O 


x®y,x^y,x A y 


e 


Exclusive disjunction; 
nonequivalence; “xor” 


tl~\~t2—tit2 


» 


xVy,x\y 


V 


(Inclusive) disjunction; 
or; and/or 


1 — tl — t2+tlt2 


n 


xAy , x Wy ,x V y , x | y 


V 


Nondisjunction, joint denial, 
neither. ..nor 


1 — tl — t2 + 2tl t2 


E3 


x=y ,x<r^y ,x<3>y 


= 


Equivalence; if and only if 


i -ti 


c 


y,^y,'y,~y 


R 


Right complementation 


1 — t2+tlt2 


i] 


xVy,x(Zy,x<=y,[x>y] ,x y 


C 


Converse implication if 


l-ii 


□ 


^ — iX . ! X . ~£C 


L 


Left complementation 


l-tl+tlt2 


[»] 


irVy,aOy,x^y,[#<:2/] ,y x 


D 


Implication; only if; if.. then 


1 — tlt2 


o 


x‘Vy,xAy,xAy,x\y 


A 


Nonconj unction , 
not both. ..and; “nand” 


1 


KB 


i 


T 


Affirmation; validity; 
tautology; constant 1 
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Table 2 



Venn 

Diagram 


Neutrosophic Logic Values 


GD 


(0,0,1) 


(D 


{T 1 T 2 ,I 1 I 2 +IT,F 1 F 2 +FI+FT), where IT=I 1 T 2 +I 2 T 1 similarly FI, FT 


CD 


(Tl F2 ,/l l2~\~ITy ,FyFy ~\~ Fy I ~\~ FyT) 




T P 1 F P2 


• 




G> 


(^ 1 T 2 , /1 I2 j tITx^Fx Fx -\-Fx I-\-Fx T) 

7 P2 f P2 


(B 


(T 2 ,I 2 ,F 2 ) 


O 


(tF,(I p 1 +I P2 ) Ipi+Ip2+Fpi+Fp2 ,(F P1 +F P2 ) Ipi+Ip2+Fpl+Fp2 ) 
where T=(Ti+/i+Fi)-(F 2 +l 2 +F 2 ) which is the neutrosophic norm 


•> 


{T\T 2 +T I+T F,I\I 2 +I F,F\F 2 ) 


n 


(F 1 F 2 ,I 1 I 2 +IF,T 1 T 2 +TI+TF) 


LU 


{(F P1 +Fp 2 ) Ipi+Ip2+Fpi+Fp2 ,(Ipi+Ip 2 ) Ipi+Ip2+Fpl+Fp2 ,TF^ 


□ 


(F 2 ,I 2 ,T 2 ) 


m 


( FxFx~\~FxI+FxT,Ii I2 +ITx,FiT2) 


□ 


(F 1 ,I 1 ,T 1 ) 


[•4 


{Fy Fy-\-Fy I + F 'y T,I± I 2 ~\~ITy , T], i*2 ) 


o 


(FiF 2 +F/+FT,/ 1 / 2 +/T,TiT 2 ) 




(1,0,0) 
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These 16 neutrosophic binary operators are approximated, since the 
binary N-conorm gives an approximation because of ‘indeterminacy’ com- 
ponent. 



Tri-nary Fuzzy Logic and Neutrosophic Logic Operators 



In a more general way, for k > 2: 



d k N : ([0, 1] x [0, 1] x [0, l]) fe - [0, 1] x [0, 1] x [0, 1], 



d k N {x i,x 2 , ... ,Xfc) 



k / k 

£r„ (£a 






k 

Tk~ E E 

i= 1 

E (Ii+Fi) 

i= 1 




fc \ 

Tfc- E E 

i=l 

E (Ii+Fi) I 

i = 1 / 



k 

if all Xj are disjoint two by two, and E E < 1. 

i= 1 

We can extend Knuth’s Table from binary operators to tri-nary ope- 
rators (and we get 2 2 = 256 tri-nary operators) and in general to n-ary 
operators (and we get 2 2 n-ary operators). 

Let’s present the tri-nary Venn Diagram, with 3 variables x, y , z 




using the name Smarandache codification. 

This has 2 3 = 8 disjoint parts, and if we shade none, one, two, ..., 
or eight of them and consider all possible combinations we get 2 8 = 256 
tri-nary operators in the above tri-nary Venn Diagram. 
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For n = 3 we have: 

P 123 = c F (x, y, z) 

P12 = c F (x,y,n F (z)) 

P 13 = c F (x,n F (y),z) 

P 23 = c F (n F (x),y,z) 

PI = c F (x, n F (y),n F {z)) 

P 2 = c F (n F (x),y , n F (z)) 

P3 = c F (n F (x),n F (y),z) 

PO = c F (n F (x),n F (y),n F (z)) 

Let 

FL(x) = (ti, /i), with ti + /r = 1 , 0 < p, /i < 1 , 

-FL(y) = (*2, f 2 ), with t 2 + / 2 = 1 , 0 < t 2 , f 2 < 1 , 

FL(-u) = (t 3 , / 3 ), with t 3 + / 3 = 1 , 0 < i 3 , / 3 < 1 , 

We consider the particular case defined by tri-nary conjunction fuzzy ope- 
rator: 

c F : ([0,1] x [0, l]) 3 - [0,1] x [0,1] 

c F (x, y, z) = (M2M /i + h + h - hh - hh - /3/1 + /1/2/3) 
because 

((ti, fi) Af (M /2)) Af (t 3 , / 3 ) = (M2, fi + f 2 ~ /1/2) Af (t 3 , / 3 ) = 

= (M2M fl + f 2 + h ~ /1/2 — f 2 fs ~ /3/1 + /1/2/3) 
and the unary negation operator: 

: ([0, 1] x [0,1]) - [0,1] x [0,1] 

ufOc) = (l - Ml - /1) = (/Mi)- 

We define the function: 

Li : [0, 1] x [0, 1] x [0, 1] [0, 1] 

Li(a, /3, 7) = a- f3- 7 

and the function 

L 2 : [0, 1] x [0, 1] x [0, 1] - [0, 1] 

L 2 (a, f3, 7) = a + (3 + 7 — a/3 — /Ly — 70: + a/Ly 
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then: 

FL(P123) = (L 1 (t 1 ,t2,t 3 ),L 2 (f 1 ,f 2 ,f 3 )) 

FL{PY2) = (L 1 (t ll t2,f 3 ),L 2 (f 1 J 2 ,t 3 )) 

FL(P13) = (L 1 (t 1 J 2 ,t 3 ),L 2 (f 1 ,t2js)) 

FL(P23) = {L^hMMlL^h.h)) 

FL(P1) = (L 1 (t 1 ,f 2 ,f 3 ),L 2 (f 1 ,t 2 ,t 3 )) 

FL(P2) = (L 1 (f 1 ,t 2 ,f 3 ),L 2 (ti,f 2 ,t 3 )) 

FL(P3 ) = (Li(/i,/ 2 ,t 3 ),L2(*i, Ws)) 

FL(PO) = (L 1 (f 1 ,f 2 ,f 3 ),L 2 (t 1 ,t 2 ,t 3 )) 

We thus get the fuzzy truth- values as follows: 

FL t (P123 ) = t\t 2 t 3 

FL t (P12 ) = — t 3 ) = tit2 ~ tp2t 3 

FL t (P13) = fi(l — t 2 )t 3 = t\t 3 — t\t 2 t 3 
FL t {P23 ) = (1 — t\)t 2 t 3 = t 2 t 3 — t\t 2 t 3 
FL t (Pl) = ti(l — t 2 )( 1 — t 3 ) = t\ — t\t 2 — t\t 3 + t\t 2 t 3 

FL t (P2 ) = (1 — fi)f 2 (l — t 3 ) = t2 — t\t 2 — t 2 t 3 + t\t 2 t 3 

FLt(P3) = (1 — ti) (1 — t 2 )t 3 = t 3 — t\t 3 — t 2 t 3 + t\t 2 t 3 

FL t (P0) = (1 — ti)(l — t 2 )(l — t 3 ) = 1 — t\ — t 2 — t 3 + t\t 2 + t 3 t 3 + 

+ t 2 t 3 — t\t 2 t 3 . 

We, then, consider the same disjunction or union operator dp(x, y) = ti+t 2l 
j\ + f 2 — 1 , if x and y are disjoint, and t\ + f 2 < 1 allowing us to add the 
fuzzy truth values of each part of a shaded area. 



Neutrophic Composition Law 

Let’s consider k >2 neutrophic variables, ^(Tj, ij, F/), for all i £ {1, 



. , k}. Let denote 


T = (Ti,.. 


■,T k ) 


II 


■,h) 


tC 

II 

fc, 


■■,F k ) 



We now define a neutrosophic composition law on in the following way: 
on ■ {T,I,F} — > [0, 1] 
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k 

If z € {T. I, F} then z ON z = Y[ z i- 
If z, w € {T, I, F} then 

fc -1 

Z ON W = W ON Z= z ii--- z ir w jr+i--- w jk 

r=l 

(< 1 ,...,ir)eC fc (l,2,...,fc) 

where C' r (l, 2, . . . , k) means the set of combinations of the elements 
{1,2,..., k} taken by r. [Similarly for C k ~ r ( 1, 2, . . . , k)]. 

In other words, z ON w is the sum of all possible products of the compo- 
nents of vectors z and w. such that each product has at least a z, factor and 
at least Wj factor, and each product has exactly k factors where each factor 
is a different vector component of z or of w. Similarly if we multiply three 
vectors: 



T J F = 

± o N 1 o N ± 

{*1 



Let’s see an example for k = 3. 

^ 2 (^ 2 , 1 2 5 F2 ) 

X 3 (T 3 ,I 3 , F 3 ) 

T on T = T\T 2 T 3r I ON I = I1I2I3, F on F = FiF 2 F 3 
T ON I = T1I2I3 + 1 1 T 2 13 + I 1 12T3 + T,T 2 I 3 + TJ2T3 + hT 2 T 3 
T ON F = TiF 2 F 3 + F{F 2 F 3 + FiF 2 T 3 + T{T 2 F 3 + TiF 2 T 3 + FiT 2 T 3 
Io N F = I\F 2 F 3 + FiI 2 F 3 + FiF 2 I 3 + I\I 2 F 3 + I\F 2 I 3 + F\I 2 I 3 
To n I ON F = TiI 2 F 3 + TiF 2 I 3 + IiT 2 F 3 + I\F 2 T 3 + FiI 2 T 3 + FiT 2 I 3 



z u i3u+ 1 ’ • • 
(*1» 
(•?u,+ 1 ; 
(^tt + OJ + l ’ 



fc -2 

E 

u ,v ,k — it — u = l 

...,> tt )ec < '(i ,2 k) 

-,i )1+ „)ec»(i 1 2 k) 



T T- 

l\ ...l u 1 J-U. + 1 ■ 



,k} 






■■ F h 



For the case when indeterminacy I is not decomposed in subcomponents 
{as for example I = P U U where P = paradox (true and false simultane- 
ously) and U = uncertainty (true or false, not sure which one)}, the previous 
formulas can be easily written using only three components as: 



T I F = T IF 

O N 1 0 N ± / . - L l - L J ± r 

1 , 2 , 3 ) 



138 




n-ary Fuzzy Logic and Neutrosophic Logic Operators 



where CP(1, 2, 3) means the set of permutations of (1,2,3) i.e. 

{(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1)} 

3 

Z ON W = Z i W 3 W 3r + W i Z 3 z r 

i = 1 

(iJ, r) = (l,2,3) 

U,r)eV 2 ( 1,2,3) 



This neurotrophic law is associative and commutative. 



Neutrophic Logic Operators 

Let’s consider the neutrophic logic cricy values of variables x,y,z (so, 
for n = 3) 

NL(x) = (Ti,Ii,Fi) with 0 < Tf, I"i, F\ < 1 
NL(y) = (T 2 ,/ 2 ,F 2 ) with 0 < T 2 ,/ 2 ,F 2 < 1 
NL(z) = (T3, 13,^3) with 0 < T3, 13 , F$ < 1 

In neutrosophic logic it is not necessary to have the sum of components 
equals to 1, as in intuitionist fuzzy logic, i.e. 7) ; + I k + F k is not necessary 1, 
for 1 < k < 3. 

As a particular case, we define the tri-nary conjunction neutrosophic 
operator: 



c N : ([0, 1] x [0, 1] x [0, l]) 3 - [0, 1] x [0, 1] x [0, 1] 

cn(x, y) = (T on T, I on I + L OJV T, F ON F + F ON I + F ON T) 

If x or y are normalized, then C]y(x,y) is also normalized. 

If x or y are non-normalized then \c]y(x,y)\ = |x| • \y\ where | • | means 
norm. 

cat is an N-norm (neutrosophic norm, i.e. generalization of the fuzzy 
t-norrn) . 

Again, as a particular case, we define the unary negation neutrosophic 
operator: 

n N : [0, 1] x [0, 1] x [0, 1] [0, 1] x [0, 1] x [0, 1] 

n N {x) = n N (Ti, h,Fi) = (T\,1 

We take the same Venn Diagram for n = 3. 
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So, 

NL(x) = (T 1 ,I 1 ,F 1 ) 
NL(y) = (T 2 ,I 2 ,F 2 ) 
NL(z ) = (T 3 ,h,F 2 ). 
Vectors 



T = 





and F = 




We note 




and similarly 






etc. 



F* = 






etc. 



For shorter and easier notations let’s denote z ON w = zw and respecti- 
vely z 0 N w 0 n v = zwv for the vector neutrosophic law defined previously. 
Then 

NL{P\23) = c N (x , y) = (: TT , 17 + IT, FF + FI + FT + FIT ) = 

= {TiT 2 T 3 , IiI 2 I 3 + I\I 2 T 3 + IiT 2 I 3 + TiI 2 I 3 + I{T 2 T 3 + TiI 2 T 3 + TiT 2 I 3 , 
F\F 2 F 3 + F\F 2 I 3 + F\I 2 F 3 + I\F 2 F 3 + F\I 2 I 3 + I\F 2 I 3 + / 1 / 2 F 3 + 



+F\F 2 T 3 + F\T 2 F 3 + T\F 2 F 3 + FiT 2 T 3 + T\F 2 T 3 + TiT 2 F 3 + 



T T\I 2 F 3 + T 1 F 2 I 3 + IiF 2 T 3 + IiT 2 F 3 + FiI 2 T 3 + FiT 2 I 3 ) 

NL(P12) = c N (x, y, n N (z)) = 

= (TzT-z, II + IT-, I'-F- + F-I + F-T- + F-IT-) 

NL(P13) = c N (x, n N (y), z) = 

= ( Ty-Ty , II + ITy , FyFy + Fyl + FyTy + FylTy ) 

NL(P23) = c N (n N (x),y,z) = 

= {TxTxi II + ITx, F^F— + F—I + F—T— + F^IT-x) 



NL(P 1) 
NL{P2) 



■ + F—I + F—T — I- F-TT- 

1 'll Z 1 1 -L yz-t-vz I ± vz 1 V 



= c N {x, n N (y),n N (z)) = 

= ( TyzTyz J II + ITyZ'j FyzFy 

= c N (n N (x),y,n N (z )) = 

= {TxzTxz, II + ITxZ, FxzFxz + Fxzl + FxzTxz + FxzITxz) 
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NL{P 0 ) 



: c N (n N (x),n N (y),n N (z)) = 

' ( L'X y Z T X y z , LI “t" ITxyZ , F X y Z F X y Z -)- F X y Z I -(- F X y Z T X y Z \ 

+ = (FF, II + IF, TT + TL + TF + TLF) 
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We can generalize for any integer n > 2. 

The Venn Diagram has 2 2 disjoint parts. Each part has the form 

Pii . . . ikjk+i ■ ■ ■ jn, where 0 < k < n, and of course 0 < n — k < n; 

{ii, . . . ,ik} is a combination of k elements of the set {1,2 while 

{jk+ 1 , • • • ,jn} the n - k elements left, i.e. {j k +i, ■ ■ ■ ,j n } = {1,2, .. . ,n}\ 

\{?'i, . . . , ifc}. {*i,..., i k } are replaced by the corresponding numbers from 
{1,2, . . . ,n}, while {j k + 1 , • • • ,jn} are replaced by blanks. 

For example, when n = 3, 

Pi\iijs = -PI 3 if {h,i 2 } = {1,3}, 

Pi 1 J 2 J 3 = PI if {* 1 } = {!}• 

Hence, for fuzzy logic we have: 

Pi’l • ■ ■ i k jk + 1 • ■ ■ jn Cp (%i 1 1 ■ ■ ■ 1 %ik > ^F{Fjk+i)i • ■ • > ^lF{Xj n )) , 
whence 



FL(Pi 1 . ..ikjk+i ■ ■■jn) 




n (1 ~ t p) ,^(/i,/2, 



iS=k-\-l 




where tp : [0, l] n [0, 1], 

<p(ai,(X2, ...,a n ) = S 1 -S 2 + S 3 + ... + (~l) n+1 S n = £(-l ) I+1 $ 
where l ~ 1 

n 

51 = J2 ai 

i = 1 

5 2 = ^ OiOj 

l<z<j <n 



^ ^ OLi^OLi 2 • • • Q^- 

1<U <t2 < • • 



Q^l ’ 0^2 • • • 



141 




Florentin Smarandache, Vic Christianto 



And for neutrosophic logic we have: 

Pi’l • ■ ■ ikjk + 1 • ■ ■ jn C/v ( Xi 1 , . . • , Xi k , 7T.JV (TjIc+i )> • • ■ > ™N(Xj n )) , 
whence: 



NL(Pii . . . ikjk+l ■ ■ ■ jn) — (P\2...ni -^12... ni Pl2...n)i 



where 


( k \ 


n 


T\2 n = Fx ■ x- Tx 

1Z...R J, Jk + 1 ...X Jn X Jk+1 .. 


■b„ = ( 11 T *r I 


■ n fj. 




\r=l / 


s=k + 1 


Jl2 n ~ H H - IHx ■ oc ■ 

F\2...n = Fx jk+1 ...x jn Fx jk+1 . 


+-^i fc+ i— Win 


I+Fx 

x 0k + !•' 



- T- 

cr. „■ -L cr- 



+ F- - JT- 

XT*. rp . _L _L rp . rp . 

X 3k+ ■''Jfc + 1 



+ 



Conclusion 

A generalization of Knuth’s Boolean binary operations is presented in 
this paper, i.e. we present n-ary Fuzzy Logic Operators and Neutrosophic 
Logic Operators based on Smarandache’s codification of the Venn Diagram 
and on a defined vector neutrosophic law which helps in calculating fuzzy 
and neutrosophic operators. 

Better neutrosophic operators than in [2] are proposed herein. 
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